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Mixed-Distribution-Based Robust Stochastic
Configuration Networks for Prediction
Interval Construction

Jun Lu

Abstract—It is challenging to develop point prediction
models with high accuracy due to that outliers and noise
are commonly present in the real-world data. In this context,
this article proposes a novel robust stochastic configu-
ration network (SCN) and uses the bootstrap ensemble
strategy to construct prediction intervals (Pls). Since the
output weights of the original SCN are computed by the
least-squares method, which is sensitive to noise with an
unknown distribution or outliers, a robust SCN based on a
mixture of the Gaussian and Laplace distributions (MoGL-
SCN) in the Bayesian framework is proposed. The mixed
distributions can effectively characterize the complex
distributions of the real-world data, and their heavy-tailed
properties can improve the robustness of SCNs. Further-
more, there are no analytical solutions available to obtain
the network parameters due to the assumption on the
mixed distributions, hence, the parameters of the MoGL-
SCN are estimated by the expectation—maximization algo-
rithm. In addition, considering the uncertainties caused by
both the model mismatch and noise in the real-world data, a
bootstrap ensemble strategy using MoGL-SCN is designed
to construct the Pls. The experimental results on two
benchmark datasets and a real-world dataset demonstrate
the effectiveness of the proposed method in terms of the
quality of Pls, prediction accuracy, and robustness.

Index Terms—Bootstrap, expectation-maximization (EM)
algorithm, mixed distributions, prediction intervals, robust
modeling, stochastic configuration networks.

[. INTRODUCTION

REDICTING the key variables in industrial processes is
I crucial for managers and engineers to make appropriate
decisions, and the data-driven prediction models for the key
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process variables have been widely developed [1], [2]. So far,
many data-driven prediction models have been applied to the
industrial processes, such as the debutanizer column [3] and
mineral grinding process [4]. Among the data-driven methods,
one of the single hidden layer feed-forward networks (SLFNs),
namely, the random vector functional-link (RVFL) network [5]
has drawn increasing attention and achieved satisfactory ap-
plication performance [6]. But determining the ranges of the
input weights and biases of RVFL is challenging [7]. To solve
this problem, an innovative randomized learner model, termed
stochastic configuration networks (SCNs), was proposed in [8].
The input weights and biases of SCNs are generated in vary-
ing ranges and determined by a data-dependent supervisory
mechanism [8], and then, these randomly generated parameters
are kept fixed. Hence, compared with the traditional neural
networks, the simple structure and fast learning speed of SCNs
can reduce the computational cost. The supervisory mechanism
suggested in [8] can effectively avoid producing junk nodes
and guarantee the universal approximation property of SCNs.
In addition, the inequality supervisory mechanism of the SCN
for the selection of random parameters can exactly improve the
prediction performance [8]. Therefore, the SCN and its variants
have been successfully applied in the field of data modeling with
promising performance [9], [10].

However, in the real-world applications, most data are col-
lected in noisy environments, therefore, outliers are commonly
present owing to the influence of different types of noise. If
a training dataset is contaminated with unknown noise or out-
liers, the accuracy and reliability of the resulting model will
deteriorate [11]. Recently, data-driven robust modeling methods
have become increasingly popular. M-estimation is a commonly
used robust technique that can eliminate the influence of noise
or outliers on the modeling performance by constructing robust
cost functions [12], and it has been successfully used to build ro-
bust back-propagation neural networks (BPNNs) [13] and robust
self-organizing maps (SOMs) [14]. However, the BP-based al-
gorithms suffer from the problem of parameter initialization and
also have some drawbacks such as slow convergence and conver-
gence to local optima [15]. To solve these problems, the robust
RVFLs based on the M-estimation and kernel density estimation
(KDE) have been studied and successfully used in the blast
furnace iron-making process [16] and grinding process [17].
Moreover, the KDE method has also been implemented to build
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the robust SCNs and the resulting robust SCNs have obtained
the satisfied performance in the industrial applications [18].

Additionally, neural networks in the Bayesian framework
have been extensively studied, such as the multilayer perceptron
networks [19] and the reservoir computing networks [20], in
which the noise is assumed to be of the Gaussian distribution. It
is well known that the Gaussian distribution is not robust to out-
liers. The Laplace distribution is insensitive to noise and outliers
due to its heavy-tailed property [21], [22]. Therefore, the echo
state networks and the neural networks with random weights in
the Bayesian framework have also been studied, in which the
noise and outliers are assumed to follow a single Laplace distri-
bution [23], [24]. However, in numerous real-world applications,
the distribution of noise or outliers may be more complex due
to the uncertain and heterogeneous environments [25]. As a
result, no single distribution may be appropriate. Therefore, the
assumption on a specific distribution of noise or outlier may
lead to weak robustness and low prediction accuracy and inhibit
optimal modeling performance. Compared with using a specific
distribution, the mixture of different types of distributions can
provide a better characterization of the complex statistical dis-
tribution of noise or outliers, and the heavy-tailed properties of
mixed distributions can improve the robustness of the resulting
model.

Robust data modeling techniques can alleviate some uncer-
tainties caused by noise or outliers. Furthermore, the uncertainty
from mismatching parameters of the models should also be
taken into account. Moreover, the uncertainties caused by the
real-world data and model mismatch can lead to unacceptable
prediction performance if the point prediction occurs without
performing a quantitative reliability analysis of the prediction
errors [26], [27]. Fortunately, the prediction intervals (PIs) can
overcome the deficiencies of the traditional point prediction
methods by considering the uncertainties caused by both the
real-world data and the model mismatch [28]. The PIs have been
well used in the real-world applications such as the wind power
generation process [29], the traffic noise measurement [30], and
the prediction of gas flow in the blast furnace [31]. In the methods
of constructing PIs, the bootstrap strategy is the most suitable
candidate due to that it can construct reliable PIs and reduce
the influence of model mismatch, it also has the advantage of
easy implementation [32], [33]. Hence, the bootstrap strategy is
preferable for constructing PIs.

In this article, we aim to develop a novel robust estimation
approach with SCNs to improve the prediction performance
under a related assumption on noise distribution, resulting in
a robust SCN model based on a mixture of Gaussian and
Laplace distributions (MoGL-SCN) for constructing PIs. The
heavy-tailed properties of the mixed Gaussian and Laplace dis-
tributions can improve the robustness of the model and alleviate
the influence of noise and outliers on the modeling performance.
Moreover, due to the assumption on the mixed distributions,
the parameters of the MoGL-SCN have no analytical solutions,
therefore, the expectation-maximization (EM)-algorithm-based
parameter estimation is derived. Furthermore, to quantify the
reliability and uncertainty of the point prediction results, the
PIs are developed using the bootstrap ensemble MoGL-SCN

(termed BE-MoGL-SCN). The performance of the proposed
method is evaluated on two benchmark datasets and a real-world
dataset. The experimental results indicate the effectiveness of the
proposed method.

The rest of this article is organized as follows. Section II
briefly introduces the SCNis, the properties of the Laplace distri-
bution. Section III presents the proposed MoGL-SCN, the EM-
algorithm-based parameter estimation of the MoGL-SCN and
the PIs based on bootstrap ensemble MoGL-SCN. Sections IV
and V give the experimental results on two benchmark datasets
and a real-world dataset, respectively. Finally, Section VI con-
cludes this article.

[I. PRELIMINARIES

This section briefly introduces the SCN concept [8] and some
properties of the Laplace distribution.

A. Stochastic Configuration Networks

Assume that a set of data D = {X,y} = {(z,,yn) € R? x
R}MN_, is given. An SCN with P — 1 hidden nodes can be
described as follows:

N P-1

Fpa(XB) = Bugpwimn +b,) =HX)B (1)

n=1 p=1

where P = 17...,p: ],...,P— 1,‘32 [61,627...,61371}:’1
denotes the output weights, w, € R? and b, € R are the input
weights and bias of the pth hidden node, respectively, and g(-)
denotes an activation function. The output matrix H (X)) of the
hidden layer is defined as follows:

H(X)= [hT(z)),...,h T (z,),...,hT (zn)]"
h(z,) = [91 (w? Ty +br), (2)
. angl(wg_] Ty + bel)]

where the superscript 7' denotes the matrix transpose.
Then, B can be obtained by the least-squares method [8], [10]

B = argmin 3 |y~ HOOBJS

= [HX)"HX)]'HX)"y 3)
wherey = [y1,...,yn]? and || - |5 is the Euclidean norm.

If the SCN with P — 1 hidden nodes does not meet the
termination criterion, a new hidden node should be produced
and its output is expressed as follows:

Gp(X) = [gp(wpx +bp),....gp(wpEN +bp)]".  (4)

The input weights wp and bias bp of the new hidden node
should satisfy the following supervisory mechanism:

¢= (e} 1.Gr(X))' /(GE(X),Gp(X))

—(1—r—pp) x(ep_i,ep_1) >0 ®)

where ep_; =y — H(X)B* represents the residual error
vector of the SCN with P — 1 hidden nodes, 0 < pp < 1 —r,
0<r<1,limp,pp =0,and (-, ) is the scalar product.
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The new hidden nodes are generated until some relevant
termination criteria (i.e., the predefined error tolerance or the
maximum number of hidden nodes) are met. More details about
the SCNs can be found in [8].

Remark 1: According to the SCN algorithm, 77,5 new hid-
den nodes are produced and the input weights and biases are
assigned in ranges of [—A;, A ], j =1,...,J. The node with
the largest ( is chosen as the newly added one [8], [10].

B. Properties of the Laplace Distribution

The basic probability density function (PDF) of the Laplace
distribution can be written as follows:

Cn - 21

where = denotes a random variable, and ;2 and 7 > 0 represent
the location and scale parameters, respectively.

A random variable that follows a Laplace distribution can
be represented as a mixture of random variables that follow a
normal distribution and a distribution related to the exponential
distribution [21], [22]. A random variable v is introduced that
follows a distribution related to the exponential distribution, and
its PDF is defined as follows:

1 1
a(v) = 5 OXPp <_2v2> . (7

If v is given, then the conditional distribution of z is a normal
distribution [21], [22]

(6)

N (zlv, ) = (®)

v
- exp |——— 2L
n? 7

As described in [21] and [22], by introducing v, we can obtain
the following PDF of the joint distribution:

L(z,vlp,n) = N(zlv,1,n) - g(v)

1 2 —p)? 1
explv@u)

Ill. PREDICTION INTERVALS BASED ON THE BE-MOGL-SCN

This section details the proposed MoGL-SCN framework
including the process of parameter estimation and prediction
intervals construction.

A. Robust SCN Based on the Mixture of Gaussian and
Laplace Distributions

It is well known that the data collected from the real-world
applications are uncertain and may be influenced by unknown
noise or outliers. Consequently, a robust SCN based on the
mixture of Gaussian and Laplace distributions is presented, and
the structure is shown in Fig. 1.

Given a dataset D = {X,y} = {(zn,yn) € RE x R}N_,,

for an SCN with P hidden nodes and the nth sample, according

i

MoGL-SCN

“Valid Data”
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Gaussian and I
Laplace le—— Laplace
EM [« Distributions
Tx
le—— Laplace
“Invalid Data”
Fig. 1. Structure of the proposed method of constructing Pls.

to Fig. 1, we can derive the following equation:

Yn :gn"l‘gn :fP(xn;:B)+5n:h(xn)ﬁ+5n (10)
where ¢,, is the random noise and g, is the predicted value. To
improve the robustness of the SCN, the noise ¢,, is assumed to
follow a mixture of the Gaussian distribution N ([0, 03) and
the K — 1 Laplace distributions £(£]0, oz.x) [with K (I > 2)
components] with the appropriate mixing coefficients, namely

K

p(e) = IN(£]0,03) + Y miL(e]0, o)
k=2

Y

where k =1,... K,T' = {7, m,..., 7k } are the mixing coef-
ficients, 7, > 0, ZkK:I 7 = L,and ¥ = {O’é, 0Ly OLK }e

And then, the PDF of the mixed distributions of 1, can be
expressed as follows:

P(Yn|Tn,B,T,E)

K
= 1IN (Yol h(20)B,05) + Y 1L (ynlh(@,)B,004). (12)

k=2

The first term on the right side of (12) explains the normal
data, which are called the “valid data.” The second term is used
to explain the data with unknown noise or outliers, which are
called the “invalid data.”

By introducing the variable v = {v, }\_, associated with
the exponential distribution, one can obtain a new dataset S =
{X,y,v} = {Zn, yn,vn }Y_,. Then, the joint PDF of y,, and v,
can be rewritten as follows:

p(ynyvnktn»ﬂvraz)

K
=N Wnlh(@n)B,08) + > 7L (Yn, vnlh(@n)B, orik)
k=2
(13)

where L(yn, vn|h(2,)B, 0r:1) can be computed by (9).
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Assume that all samples are drawn independently, then the
following likelihood function can be obtained:

N
p(y,v|X,8,T,%) = [[ p(vn, vnl2n, 8,T, )
= {TIN(ynVl(xn)ﬁa Ué)

+ > LY, vnlh(@n)B, o)} (14)
k=2

In the parameter solution process, compared with the maxi-
mum likelihood estimation, the maximum a posterior (MAP) es-
timation can effectively avoid the singular problem [34]. There-
fore, the MAP estimation is adopted to optimize the parameters.
Generally, if there is little empirical knowledge about the output
weights, then the prior of the output weights is assumed to follow
a Gaussian distribution [34]. Then, the prior of output weights

can be formulated as follows:

2

18l ) s

1
- _exp| -
(ZWJé)P/Z ( 20%’
According to Bayes’ theorem, the posterior distribution of

the output weights 8 of the MoGL-SCN can be expressed by the
following formula:

p(Blog) =

p(BIS.T,%,03) < p(y,v|X,8,T,%) - p(Blog)  (16)
Then, we take the logarithm of p(8|S,T', %, 0[23):
lnp(ﬁ|S,I‘,2,U%) = hlp(yav‘Xaﬁ)F?E)
+Inp(Blog) + ¢ (17)

where c is a constant.

Therefore, the output weights B and the hyperparameters I',
3, and aé can be obtained by maximizing In p(8|S,T, X, aé)
in the MAP estimation

(BT, 03} = argmax{ln p(BIS,T, %, 03)}.
/f?,l",)],a%3

(18)

Nevertheless, due to the assumption on the mixed distribu-
tions, there are no analytical solutions to the aforementioned
problem. The EM algorithm [35] can solve the optimization
problem (18). To implement the EM algorithm, we should
introduce the latent variable z,, = {z;m},[f: |» where zj,, = 1 if
Yn, 1s from the kth component, otherwise, 2z, = 0. Then, the
prior distribution of z,, is written as follows:

K
plzn) = [ 7o (19)
k=1

For the complete data (z,,, Y», Un, 2, ), the following joint
PDF can be obtained:

P(Yns Un» Zn|Zn, B,T,X)
= p(yna Un|xna Zn,,BJ.-‘, E)P(Zn)
— [TlN(yn|h(mn)ﬂ,aé)r]"

K

: H [Tk L(Yn, vn |h(2,)B, Uﬂ;k)]an-

k=2

(20)

Given a complete dataset T = {X,y,v,Z}, Z = {2, } Y

n=1>
the likelihood function (14) can be reexpressed as follows:

N
p(y,U,Z|X7ﬁ7F72) = H p(yn, Un;zn|$n7ﬂ7r72)
n=1
N

H { [TIN(y'rL|h(xn)ﬂ7 Ué)rln

n=I

K
. H [Tk L (Y, Vn|h(x) B, O.E;k)}zkn}_
) o

The logarithm of the posterior distribution of the complete
dataset can be written as follows:

lnp(ﬂ|T7I"27O-é> = lnp(y’v’Z‘X7ﬂ’F72)

+ Inp(Blog) + c. (22)

Then, by combining (22) with (15) and (21), one can obtain
the following expression:

N
lnp(,B|T,l",2, Ué)zzlnp(ynavnvzn|xn7,37r72>

n=I

+Inp(Blog) + ¢

N 2 2
1 n h n
S im0 hz)P]
= 2 20’g
N K
Ino
+Zszn(lnTklnv% ﬁk)
n=1 k=2
N K 5 2
vy (yn—h(zn)B)” 1
+ZZ%[— py T2
n=1k=2 Lik n.
P 2 1 5

In the expectation step (E-step) of the EM algorithm, given the
dataset D, by taking the conditional expectation of the logarithm
of the posterior distribution In p(8|T",T', X, aé) of the complete
dataset and omitting the terms that are not associated with the
parameters {3, T, X, O’é}, we can obtain the following formula:

E[lnp(BT.T, %, 03)|D]

Ino?
]E[Zln|(mn7yn)]<1n7_l - 29)

I
M-

1

e h(mnm)ﬂ

M-

E[Zln‘(mna yn)] [
1

3
I

+
M-
> 11

IHU%.k,
E[an|(xn7yn)]<1n7-k - 2 - )

M=

{E [an|(xn7 yn)]

Q
3
Il
-
Eol
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o
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P

1
> n o} — Fnﬁnz + ¢ (24)
B

where E(-) denotes the expectation operator and ¢; denotes a
constant that is independent of parameters {8,T’, X, 0[23}.
For k = 1, we can obtain the following relation:

Yin é E[21ﬂ|(mn7 yn)]
N (yu|h(z1)B, 05)

T AN (@0)B, 02) + X Ly (@) B ork)
(25)

For k > 2, we can obtain

A
Ven = ]E[an|(mna yn)]

T L(Yn|h(20)B, 0c:k)

TN (Yl b(@0)B, 0%) + Shes Ly h(@0)B 0 ck)
(26)

And E[v?

2 (%, yn)] is calculated as follows:

OL:k

V2 |Yn — h(z,)B| .

More information concerning the calculation process of x i,
can be found in [21].

Subsequently, in the maximization step (M-step) of the EM
algorithm, we maximize E[In p(8|T,T, ¥, 03)| D] with respect
to {8,T,%, 03} as follows:

{8,T,X O'B} = argmax E[lnp(8|T.,T", ¥ aﬂ)|D}
B0

(28)

Let OE[Inp(B|T,T,%,03)|D]/9{B,T, %, 05} = 0, we can
obtain the following iterative formulas:

(@)
(QJFI) (,Ykn) 29
Tk N (29)
where 'y(Q) = dlag{vkn n_1» tr(+) denotes the trace operator,

and ¢ denotes the iteration number of the EM algorithm.

2
O_é(tﬁ-l) _ Hg(q) ) ( H(X )ﬂ(q))” (30)
tr(y\?)
where 8(4) — [05‘”, O ICUN .,95\?)} and 6% = Vfi).
(@) H(X ?
[P - m008)| o
TLik ( (Q))
’Ykn
where 'v,(e) [v(qk),.. Ug\?])c] andv ZEn I’Y;SL)XSQ

Then, we can obtain the estimation of Ug{',:rl)

v (y —H(X)ﬂ(“)‘
Org = . (32)

()
The estimation of O‘é is computed as follows:

2
e _ 1891
B - P
The output weights of the MoGL-SCN can be calculated using
the iteratively reweighted regularized least-squares method as

as

(33)

-1
IB(qH é(q+1)IP

[HT(X)\I/((I“)H(X) to
: [HT(X)\IJ(‘”l)y (34)

where Ip denotes an identity matrix with P dimensions and
D) = diag{y T}V denotes the penalty weight matrix

and its element 1/}£{1 +1) is computed as follows:
¢£q+1) _ Ué(qﬂ)%(?qjl)
K (q+1)_ (g+1)
(‘ﬁLl) 2(Q+1) X kn ’ykn
k=2  Orik

The training process of the proposed MoGL-SCN is summa-
rized as follows. First, the initial hyperparameters are assigned,
and the SCN is built using the SC-III algorithm [8] to obtain
the random parameters and the initial output weights. Second,
the hyperparameters and the output weights are iteratively rees-
timated using the EM algorithm. The termination condition is
selected as follows:

E[lnp(B4*V|T,T, X, 0%3)|D}

~1
E[lnp(B@|T.T. %, 03)|D]

<K (36)
where ~ equals a small positive number, which is set to le — 6
in this article. Based on the aforementioned description, the im-
plementation of the MoGL-SCN is summarized in Algorithm 1.

B. Construction of Prediction Intervals

The structure of PIs based on the proposed bootstrap en-
semble MoGL-SCNs is shown in Fig. 2. First, M subdatasets
D,, = {(Twm.isYm.i)},, where m = 1,..., M, are uniformly
resampled from the original dataset D = {(z,,,y,)}._,. Then,
the point prediction value y and the variance 05 associated with
model mismatch are estimated by building M MoGL-SCNs
using the M subdatasets.

According to Fig. 2, it can be seen that the point prediction
value of the PI is estimated by the average of the prediction

outputs of the M MoGL-SCNs as

1 M
A:Mng

m=1

(37)

As described in [28], the variance 0323 caused by the model
mismatch can be computed by the variance of the prediction
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Algorithm 1: MoGL-SCN.

Algorithm 2: Construction of PIs Using BE-MoGL-SCN.

Input: The dataset
D ={X,y} = {(zn,yn) € R* x R}}_,.

Output: 8,T, ¥ and 03.

1: [Initialization: Set P as the maximum number of
hidden nodes of the SCN, T},.x as the maximum
configuration time, and ey as the error tolerance. Select
the scopes of input weights and biases of hidden nodes
T = [=A;, A;]7_,. Set K as the number of mixed
components. Initialize the parameters {T',X, 03 }.
Build the SCN using the SC-III proposed in [8].

Set the output weights obtained from step 1 as the
initial output weights of the MoGL-SCN.

4: while termination condition (36) is not reached do

5 Calculate Inp(B|T, T, 2, 03) using (23).

6: E-step: calculate vy, Vin and X, using (25)—(27).
7: M-step: update {3,T', X, cré} using (29)—(35).
8.

9

0

Renew the termination condition (36).
end while
Obtain the optimal {8,T', %, 03} of the MoGL-SCN.

MoGL-SCN
| 1 {B.T,Z, o‘j, B algorithm
MoGL-SCN
I—,2—| {B.T.%,0}}, algorithm
: Ensemble 3
MoGL-SCN —_
M [ip.r.2, Gl algorithm
T
|
1
T 1
Y, )l)‘
l v i
1 M 1 %
t=—N(G -p) s &
; M_l;(ym » 3 M;y"’
Variance¢ of noise Variance of mpdel mismatch

Prediction interval Prediction value

Fig. 2.  Structure of the proposed BE-MoGL-SCN of constructing Pls.

outputs of the M/ MoGL-SCNs as

1 M
% =271 2 Um —9)" (38)
m=1

In general, an extra (M + 1)th neural network is usually built
to model the variance of noise [28]. However, in the proposed
method, the variance of the uncertainty caused by the intrinsic
noise is estimated by the hyperparameter ¥, namely, for 1 <
m < M, we can derive the following expression:

K
2 2 2 E 2 2
Ua;m - Tl,mag;m + Tk,mUL;k,m'
k=2

(39)

Input: The training dataset and the testing input data x.
Output: ¢, L(z) and U (z).

1: Initialization: Set M as the ensemble size and C'L as
the predefined confidence level, and initialize the
parameters in Algorithm 1.

2: Generate M subdatasets from the training dataset
using the bootstrap method.

3: Build M base MoGL-SCNs based on Algorithm 1
(step 2—step 9).

4: Output 87, ..., B3, from the M base MoGL-SCNs
and the optimal hyperparameters.

5: Input the testing data .

6: Compute , L(z) and U(z) using (37)—(40).

Then, according to the definition in [28] and [32], after ¢,
0127, and o7, are obtained, the PI with confidence level (CL)
(I — a))% can be constructed as follows:

M
L(x) =3 —ti_as(M) 05 + Z o,
m=1
(40)

U®@) =9+ ti_ap(M)

M
2 E 2
O-Q + Ue;m
m=1

where t,_,/,(M) is the cumulative t-distribution with (1 —
a/2) quantiles and M degrees of freedom, and L(z) denotes
the lower bound and U(z) denotes the upper bound of the
constructed PI, respectively.

In accordance with the structure shown in Fig. 2 and the
aforementioned analysis, the implementation step of the PIs con-
structed by the BE-MoGL-SCN is summarized in Algorithm 2.

V. CASE STUDIES ON BENCHMARK DATASETS

In this section, the effectiveness of the constructed PIs based
on the BE-MoGL-SCN is evaluated on two benchmark datasets
from KEEL:' Friedman (DB1) and Treasury (DB2).

Three other state-of-the-art robust randomized neural net-
works: M-RVFL [16], RR-RVFL [17], and RSC-KDE [18], are
implemented in the bootstrap ensemble strategy to construct
PIs, termed BE-RR-RVFL, BE-M-RVFL, and BE-RSC-KDE,
respectively, and two novel ensemble neural network-based
methods of constructing PIs: the negative correlation-learning-
based ensemble RVFL (NCL-E-RVFL) [27] and the optimized
bootstrap method (OPT-Bootstrap) [33], are compared with the
proposed BE-MoGL-SCN.

All experiments are repeated 50 times and the average value
of the 50 experiments is reported. The root-mean-squared error
(RMSE) and Nash Sutcliffe coefficient (NSC) are adopted to
evaluate the prediction accuracy of each method, and a large
NSCindicates the high prediction accuracy. The prediction inter-
val coverage probability (PICP) and normalized mean prediction

![Online]. Available: http://www.keel.es/.
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TABLE |
PERFORMANCE COMPARISON OF EACH METHOD ON NORMAL DATASET

Dateset Method RMSE NSC PICP NMPIW
BE-MoGL-SCN  1.0920 0.9585 0.9117  0.1537
BE-RSC-KDE 1.1063  0.9575 0.9125 0.1578

DB1 BE-M-RVFL 1.1097 0.9572  0.9083 0.1551
BE-RR-RVFL 1.1076  0.9573  0.9188 0.1543
NCL-E-RVFL 1.0932 0.9584 0.9125 0.1595
OPT-Bootstrap 1.0989 0.9581 0.9100 0.1547
BE-MoGL-SCN  0.2139  0.9960  0.9095 0.0329
BE-RSC-KDE 0.2174  0.9958  0.9047 00350

DB2 BE-M-RVFL 0.2287 0.9954 0.9133 0.0337
BE-RR-RVFL 0.2220 0.9956  0.9190 0.0342
NCL-E-RVFL 0.2300 0.9953  0.9228 0.0345
OPT-Bootstrap 0.2342  0.9950 0.9038 0.0348

interval width (NMPIW) [28], [32] are introduced to evaluate
the performance of the PIs. The PIs with high quality should
have the large PICP and small NMPIW.

A. Parameter Setting

In this article, each benchmark dataset is divided into three
parts: 60% of the total samples are used as the training data,
20% of the total samples are used as the validation data, and
the remaining 20% are used as the testing data. The predefined
confidence level is setto CL = (1 — a)) = 90%, and the ensem-
ble size of all methods is set to M = 30. The number of hidden
nodes of the base MoGL-SCN in the ensemble is set to P = 40
and P = 60 for DB1 and DB2, respectively. The input weights
and biases are selected in range of [—A, 1], where A = 0.5, 1,
and 3, based on the supervisory mechanism (5). The maximum
random configuration time is set to T1,,x = 200. The number of
components K in the mixed distributions and the initial values
of hyperparameters {I‘,E,aé} are set to K =3 (a mixture
of one Gaussian and two Laplace distributions) and 71 = 0.8,
{me}iz3 = 0.1, aé =0.15, {025 }¥=3 = 0.1, and gé =0.15.
All the aforementioned parameters are determined by the results
on the validation dataset.

B. Comparative Experiments

Table I gives the prediction performance of all the methods
on DB1 and DB2. The comparisons in Table I indicate that BE-
MoGL-SCN has the smallest RMSE and largest NSC, which
suggests that the prediction accuracy of the BE-MoGL-SCN
is better than that of the other five methods on both DB1 and
DB2 without adding noise. The PICP of the BE-MoGL-SCN is
relatively small but still larger than the predefined C'L = 90%,
and the interval width is narrower than those of the other five
methods on both DB1 and DB2. These results indicate that the
PIs of the BE-MoGL-SCN are narrow but appropriate and can
maintain an acceptable coverage probability.

To demonstrate the robustness of the proposed method, we
randomly select £%, where & = {10, 15,20,25,30}, of the
complete training dataset and add sparse random noise that is
produced as y x rand(0, 1) x [-50%, 50%], where rand(0, 1)
denotes a uniformly distributed number in (0,1). Figs. 3 and
4 illustrate the variations in the average values and standard

.9
—BE-MoGL-SCN 0.97

1.22 Il BE-RSC-KDE
BE-M-RVFL
1.2 fi- - BE-RR-RVFL
=~ NCL-E-RFVL
m 1.18 |-+ OPT-Bootstrap

— BE-MoGL-SCN
BE-RSC-KDE
BE-M-RVFL
BE-RR-RVFL

=~ NCL-E-RFVL

0.96 {7~ OPT-Bootstrap

0.965

_— 9 1
2116 ——+ 2 !
~
1.14 0.955
112
0.95
1.1 1—1\;’—1———1
1.08 0.945
10% 15% 20% 25% 30% 10% 15% 20% 25% 30%
Noise Contamination Rate, % Noise Contamination Rate, %
(@) (b)
0.25
— BE-MoGL-SCN — BE-MoGL-SCN
0.945 || BE-RSC-KDE BE-RSC-KDE
BE-M-RVFL BE-M-RVFL
0.04 |- - BE-RR-RVFL BE-RR-RVFL
7 [|-=-NCL-ERFVL -=-NCL-E-RFVL
N v~ OPT-Bootstrap =z —+-OPT-Bootstrap
850935 £ o2 —
: 2
0.93 1
0.925 “/l
092 0155 -
10% 15% 20% 25% 30% 10% 15% 20% 25% 30%
Noise Contamination Rate, % Noise Contamination Rate, %
(c) (@)
Fig. 3.  Prediction performance of each method with different £ on DB1.

(a) RMSE. (b) NSC. (c) PICP. (d) NMPIW.
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Fig. 4. Prediction performance of each method with different £ on DB2.

(a) RMSE. (b) NSC. (c) PICP. (d) NMPIW.

deviations of the RMSEs, NSCs, PICPs, and NMPIWs with
different £ of each method on DB1 and DB2. As shown in Fig. 3,
the RMSE of the BE-MoGL-SCN is smaller than that of the other
five methods with respect to different £ on DB1, and the NSC is
the largest among those of the six methods. This finding demon-
strates that BE-MoGL-SCN has better generalization capability
than the other models. Compared with the other five methods,
the BE-MoGL-SCN can maintain an acceptable PICP and small
NMPIW with increasing noise contamination rate £. Therefore,
the BE-MoGL-SCN can construct PIs with higher quality than
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those of the other five methods. For DB2, from the comparisons
in Fig. 4, we can observe that BE-MoGL-SCN outperforms
the other five methods in terms of the prediction accuracy as
¢ increases and yields a reasonable PICP and small NMPIW.
Compared with those of the other five methods, the PIs of the
BE-MoGL-SCN are more effective. Moreover, we can see from
Figs. 3 and 4 that the interval widths (NMPIWs) of the five com-
parative methods are larger than that of the proposed method.
Therefore, the cases that the PICPs of the proposed method
are smaller than that of some other comparative methods can
occur. The experimental results on the two benchmark datasets
demonstrate the advantage of the proposed BE-MoGL-SCN.

Remark 2: There is a direct relationship between the interval
width and the coverage probability of the PIs. In general, a large
NMPIW will lead to a high PICP, but the PIs with extremely
large interval widths convey no information about the actual
targets [9]. Hence, in the real-world applications, the optimal
PIs should have small NMPIW, and the PICP should not be less
than the predefined confidence level [28].

V. PREDICTION OF ASPHALTENE IN CRUDE OIL

In this section, a real-world dataset collected from a refinery
is used to verify the performance of the proposed method.

The real-world dataset was collected from the fast evaluation
system for the physicochemical properties of crude oil in a refin-
ery in China. The input features are nuclear magnetic resonance
(NMR) hydrogen spectrum data z € R’. As an important
physicochemical property of crude oil, the asphaltene consists of
highly concentrated poly aromatics, and these components often
resultin the blockage and corrosion of pipelines and equipments,
which can lead to a significant decrease in production profits.
Hence, the fast evaluation of asphaltene in crude oil is of great
significance for increasing the economic benefits of refineries.
Therefore, we select the asphaltene in crude oil as the modeling
output. The dataset consists of 863 sets of NMR hydrogen
spectrum data and the corresponding asphaltene content data
collected between May 2016 and October 2017. However, the
high dimensionality of NMR spectrum data will lead to the
high computational cost, which severely affects the real-time
application of the method. Principal component analysis (PCA)
can effectively extract the features of the NMR spectra [36].
Therefore, PCA is adopted to perform the dimensionality re-
duction. First, the NMR spectrum data are normalized. Then,
by using PCA, the principal components with a 99% cumulative
percent variance contribution rate are chosen as the inputs.

A. Parameter Selection

In this experiment, the dataset is divided into three parts: the
training dataset (743 groups), the validation dataset (50 groups),
and the testing dataset (70 groups). The predefined C'L is set
to 95%, the bootstrap ensemble size of all methods is set to
M = 25, and the number of hidden nodes of the base MoGL-
SCN in the ensemble is set to P = 60. The random parameters
of the MoGL-SCN are automatically assigned in the range of
[—A,A], where & = 0.2, 0.5, 1, 3, and 5. The random configura-
tion time is set to 200. The number of mixed components is set
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Fig. 5. Pls and point prediction of each method on the normal dataset.

(a) BE-MoGL-SCN.

(b) BE-RSC-KDE.

(c) BE-M-RVFL.

RVFL. (e) NCL-E-RFVL. (f) OPT-Bootstrap.

(d) BE-RR-

to K = 4, with one Gaussian and three Laplace distributions.
The initial values of the hyperparameters {I‘,E,aé} are set
to 7 = 0.7, {Tk}ﬁié =0.1, O'é =0.2, {O’/V‘;k}Zig =0.1, and
0?3 = 0.15, respectively. All the aforementioned parameters are
determined from results on validation dataset.

B. Comparison and Discussion

The constructed PIs and the point prediction results of the
BE-MoGL-SCN and the other five comparative methods on the
normal dataset are shown in Fig. 5. As shown in Fig. 5, one
can see that the point prediction outputs of the BE-MoGL-SCN
can fit the actual data better than can the outputs of the other
five models, hence, the proposed method has small prediction
errors, high prediction accuracy, and satisfactory generalization
capability on the normal dataset. Furthermore, the constructed
PIs of the BE-MoGL-SCN have a small interval width and
acceptable PICP, which is larger than the predefined confidence
level (95%), so the constructed PIs are suitable for the decision-
making processes in crude oil refining.

To better illustrate the superiority of the BE-MoGL-SCN,
the scatter diagram of the point prediction results and the PDF
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Fig. 6. Point prediction results of each method. (a) Scatter diagram of

the point prediction. (b) PDF of the prediction errors.

TABLE Il
PERFORMANCE COMPARISON ON NORMAL DATASET

Method RMSE NSC PICP NMPIW
BE-MoGL-SCN  0.02250 0.98842  0.97143  0.08534
BE-RSC-KDE 0.02329  0.98753 0.95714  0.10109
BE-M-RVFL 0.02407  0.98676  0.97572  0.11412
BE-RR-RVFL 0.02394 0.98688  0.96325  0.11873
NCL-E-RFVL 0.02425 0.98658 0.98284  0.11352
OPT-Bootstrap 0.02467  0.98607  0.98571  0.11445

of the prediction errors of each method on the normal dataset
are shown in Fig. 6, and the average values of the RMSEs,
NSCs, PICPs, and NMPIWs of the BE-MoGL-SCN and the
other five methods on the normal dataset are listed in Table II.
As shown in Fig. 6(a), we can see that compared with the other
five comparative algorithms, the point prediction results of the
BE-MoGL-SCN are much closer to the actual targets. According
to Fig. 6(b), one can see that the PDF of prediction errors of the
BE-MoGL-SCN emerges a narrower spiking shape around zero.
This indicates that from the perspective of probability, the mean
value of the prediction errors of the BE-MoGL-SCN is zero. It
can also be seen from Table II that the BE-MoGL-SCN has the
smallest RMSE and the largest NSC. It can be concluded that
compared with the other methods, the proposed BE-MoGL-SCN
yields better prediction accuracy. And it also shows that the PICP
of the BE-MoGL-SCN is smaller than that of the BE-M-RVFL,
NCL-E-RFVL, and OPT-Bootstrap but larger than the prede-
fined confidence level (95%), and the NMPIW is narrower than
that of the other five methods, confirming that the PIs constructed
by the BE-MoGL-SCN can reflect the important information
associated with the actual targets.

The computational efficiency including the averages and stan-
dard deviations of the training time and testing time of each
method is given in Table III. It is shown in Table III that the in-
cremental approach for building SCNs and the stochastic config-
uration process of random parameters slow the training process
of SCNss, so the training times of the BE-MoGL-SCN and BE-
RSC-KDE are longer than those of the BE-RR-RFVL, BE-M-
RFVL, and NCL-E-RFVL. And the evolutionary optimization
algorithm is implemented in the OPT-Bootstrap method, which
results in the most expensive computational cost. The testing
time of the BE-MoGL-SCN is slightly longer than that of the
other five methods but still acceptable.

TABLE IlI
COMPUTATIONAL EFFICIENCY COMPARISON OF EACH METHOD

Method Training time (s) Testing time (s)
BE-MoGL-SCN 5.5880 £ 0.5078 0.1129 4+ 0.0269
BE-RSC-KDE 6.2030 £ 0.8929 0.0275 £ 0.0214
BE-M-RVFL 4.4191 £ 0.3722 0.0540 £+ 0.0135
BE-RR-RVFL 4.7590 4+ 0.1456 0.0755 £ 0.0151
NCL-E-RFVL 4.7548 £ 1.0957 0.0677 £ 0.0132
OPT-Bootstrap 209.1687 £ 11.2485  0.0965 £ 0.0235
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Fig. 7. Prediction performance of each method with different &.
(a) RMSE. (b) NSC. (c) PICP. (d) NMPIW.

To evaluate the robustness of the proposed BE-MoGL-SCN
with respect to different noise contamination rates, sparse ran-
dom noise, which is generated in a manner similar to that
in the previous experiment in Section IV, is introduced into
the training data. The variations in the RMSEs, NSCs, PICPs,
and NMPIWs of each method with respect to different £ (£ =
10, 15, 20, 25, 30) are depicted in Fig. 7. According to the com-
parisons of the RMSE and NSC shown in Fig. 7, as ¢ increases,
the RMSE of the BE-MoGL-SCN slightly increases and the
NSC slightly decreases, so the BE-MoGL-SCN can maintain
a high prediction accuracy, suggesting that BE-MoGL-SCN is
minimally affected by noise. The prediction accuracy of the
other five methods rapidly decreases in comparison. Moreover,
as ¢ increases, the PICPs of all methods are still larger than
CL =95%. The PICP of the BE-MoGL-SCN is significantly
larger than that of BE-RSC-KDE and OPT-Bootstrap. And the
NMPIW of the BE-MoGL-SCN is smaller than that of the other
five comparative methods. Therefore, the BE-MoGL-SCN is
superior to the other five methods in terms of robustness with
respect to different noise contamination rates.

In reality, for the real-world applications, we usually care
about the worst-case performance instead of the statistical aver-
age. Therefore, we report the corresponding worst results of the
50 experiments of each method with respect to different noise
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TABLE IV
WORST-CASE PERFORMANCE OF EACH METHOD WITH DIFFERENT &

I3 Method RMSE NSC PICP NMPIW
BE-MoGL-SCN  0.0228 0.9882 0.9571  0.0961
BE-RSC-KDE 0.0243  0.9865 0.9429 0.1189

0 BE-M-RVFL 0.0264 0.9841 0.9571 0.1215
BE-RR-RVFL 0.0258  0.9848 0.9571  0.1219
NCL-E-RFVL 0.0260 0.9845 0.9571 0.1221
OPT-Bootstrap 0.0265 0.9840 0.9571 0.1208
BE-MoGL-SCN  0.0229  0.9881 0.9571  0.0971
BE-RSC-KDE ~ 0.0239  0.9868 0.9429  0.1033

10 BE-M-RVFL 0.0258 0.9848  0.9571 0.1259
BE-RR-RVFL 0.0253  0.9854  0.9571  0.1276
NCL-E-RFVL 0.0257  0.9847 0.9571  0.1323
OPT-Bootstrap ~ 0.0255 0.9849  0.9571  0.1376
BE-MoGL-SCN  0.0227 0.9883 0.9571  0.0990
BE-RSC-KDE ~ 0.0249 0.9858 0.9429  0.1126

15 BE-M-RVFL 0.0264 0.9841 0.9571 0.1347
BE-RR-RVFL 0.0251 0.9856  0.9571 0.1298
NCL-E-RFVL 0.0267 0.9839 0.9571  0.1389
OPT-Bootstrap 0.0252 0.9855 0.9571 0.1425
BE-MoGL-SCN  0.0229 0.9881 0.9571 0.1182
BE-RSC-KDE ~ 0.0259 0.9846  0.9571  0.1137

2 BE-M-RVFL 0.0281  0.9819 0.9571  0.1492
BE-RR-RVFL 0.0272  0.9830 0.9571 0.1332
NCL-E-RFVL 0.0284 0.9812 0.9571 0.1342
OPT-Bootstrap 0.0276  0.9828 0.9571 0.1487
BE-MoGL-SCN  0.0231  0.9879 0.9571 0.1172
BE-RSC-KDE  0.0249 0.9858 0.9571  0.1201

25 BE-M-RVFL 0.0297  0.9798 0.9571  0.1579
BE-RR-RVFL 0.0282 0.9818 0.9714 0.1425
NCL-E-RFVL 0.0299 0.9795 0.9714  0.1533
OPT-Bootstrap ~ 0.0289  0.9810 0.9571  0.1667
BE-MoGL-SCN  0.0233  0.9878 0.9714  0.1284
BE-RSC-KDE 0.0293 0.9804 0.9571 0.1401

30 BE-M-RVFL 0.0306 0.9785 0.9714  0.1731
BE-RR-RVFL 0.0292 0.9805 0.9571 0.1568
NCL-E-RFVL 0.0293  0.9803 0.9571  0.1773
OPT-Bootstrap ~ 0.0311  0.9778 0.9714  0.1928

contamination rate (£) in Table IV. As given in Table IV, on
both the normal dataset (£ = 0) and the dataset with introduced
noise, the worst prediction accuracy of the BE-MoGL-SCN is
better than that of the other five methods, and the interval width
of the BE-MoGL-SCN is narrower than that of the other five
methods, except in the case of & = 20. Besides, the coverage
probability of the BE-MoGL-SCN is greater than that of the
other five methods, except in the case of & = 25. Therefore,
we can conclude that the proposed method can construct PIs
with high quality and effectively eliminate the effect of noise or
outliers on the modeling performance.

VI. CONCLUSION

This article presented a novel robust SCN based on a mixture
of the Gaussian and Laplace distributions to solve the low
prediction accuracy problem associated with the presence of
noise or outliers with unknown distributions in the real-world
data. Moreover, the parameter solution process based on the
EM algorithm of the proposed robust SCN was derived. Further-
more, the bootstrap ensemble strategy was adopted to construct
the PIs and quantify the uncertainties caused by both model

mismatch and noise in the real-world data, and the proposed
robust SCN was applied as the base component in the ensemble.
The proposed method of constructing PIs was tested on two
benchmark datasets and a real-world dataset collected from a
refinery. Compared with other methods, the proposed method
could construct PIs with higher reliability and prediction accu-
racy and could also guarantee high computational efficiency.
In additional, the experimental results demonstrated that the
proposed method exhibits excellent robustness with respect to
different noise contamination rates. The experimental results
using the real-world dataset suggested that the proposed method
was suitable for applications in the refinery.

It was worth noting that the missing data phenomenon was
also acommon issue that was frequently present in the real-world
applications, and the large number of irregularly missing data
could result in biased estimation of model parameters that may
cause the uncertainty of the prediction result [2]. In this article,
we mainly considered the uncertainty related to the prediction
results of the model when dealing with the real-world data
contaminated with noise or outliers. The issue of missing data
was not taken into account in the proposed method. But, in
the future, one can attempt to address the issue of missing
data by applying the proposed method of constructing PIs with
semisupervised techniques and imputation-based methods.
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